Positive periodic solutions of $N$-species neutral delay systems by Fang, Hui
Czechoslovak Mathematical Journal
Hui Fang
Positive periodic solutions of N -species neutral delay systems
Czechoslovak Mathematical Journal, Vol. 53 (2003), No. 3, 561–570
Persistent URL: http://dml.cz/dmlcz/127823
Terms of use:
© Institute of Mathematics AS CR, 2003
Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.
This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz
Czechoslovak Mathematical Journal, 53 (128) (2003), 561–570
POSITIVE PERIODIC SOLUTIONS OF N -SPECIES
NEUTRAL DELAY SYSTEMS
     
, Kunming
(Received July 20, 2000)
Abstract. In this paper, we employ some new techniques to study the existence of positive
periodic solution of n-species neutral delay system
















j(t− τij(t))  .
As a corollary, we answer an open problem proposed by Y. Kuang.
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1. Introduction
Consider the following neutral delay model
(1) N ′(t) = N(t)[a(t) − β(t)N(t)− b(t)N(t− τ(t)) − c(t)N ′(t− τ(t))]
where a(t), β(t), b(t), τ(t), c(t) are nonnegative continuous T -periodic functions.
In 1993, Kuang Yang proposed the following open problem (Open Problem 9.2
in [1]): Obtain sufficient conditions for the existence of positive periodic solutions
of (1).
This work is supported by the Natural Science Foundation of P. R. China (No. 10161007).
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When a(t), β(t), b(t), τ(t) are positive and c(t) = 0, such a problem was considered
by Freedman and Wu [2]. In this paper, we consider the following more general
n-species neutral delay system














where ai(t), βij(t), bij(t), τij(t), cij(t) (i, j = 1, 2, . . . , n) are nonnegative continuous
T -periodic functions.
The purpose of this paper is to establish the existence of positive periodic solu-
tions for neutral delay system (2). As a corollary, we give an answer to the open
problem 9.2 in [1]. To show the existence of solutions to the considered problems,
we will use an existence theorem developed in [3], [4]. We will state this existence
theorem in Section 2.
2. An existence theorem
For a fixed r > 0, let C =: C([−r, 0];  n ). If x ∈ C([σ−r, σ+δ];  n ) for some δ > 0
and σ ∈  , then xt ∈ C for t ∈ [σ, σ+ δ] is defined by xt(θ) = x(t+ θ) for θ ∈ [−r, 0].
The supremum norm in C is denoted by ‖ · ‖, i.e. ‖ϕ‖ = max
θ∈[−r,0]
|ϕ(θ)| for ϕ ∈ C,
where | · | denotes the norm in  n , and |u| = n∑
i=1
|ui| for u = (u1, . . . , un) ∈  n .
We consider the following neutral functional differential equation:
d
dt
[x(t) − b(t, xt)] = f(t, xt)
where f :  × C →  n is completely continuous and b :  × C →  n is continuous.
Moreover, we assume:
(H1) There exists T > 0 such that for every (t, ϕ) ∈  ×C, we have b(t+ T, ϕ) =
b(t, ϕ) and f(t+ T, ϕ) = f(t, ϕ).
(H2) There exists a constant k < 1 such that |b(t, ϕ) − b(t, ψ)| 6 k‖ϕ − ψ‖ for
t ∈  and ϕ, ψ ∈ C.
By using the continuation theorem for composite coincidence degrees, Erbe et
al. [3] proved the following existence theorem. See also Theorem 4.7.1 in [4].
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Theorem A. Suppose that there exists a constant M > 0 such that:
(i) For any λ ∈ (0, 1) and any T -periodic solution x of the system
d
dt
[x(t)− λb(t, xt)] = λf(t, xt)




f(s, û) ds 6= 0 for u ∈ ∂BM (  n ), where BM (  n ) = {u ∈  n : |u| <
M}, and û denotes the constant mapping from [−r, 0] to  n with the value
u ∈  n ;
(iii) deg(g,BM (  n )) 6= 0.
Then there exists at least one T -periodic solution of the system
d
dt
[x(t) − b(t, xt)] = f(t, xt)
that satisfies sup
t∈  |x(t)| < M .
Remark 1. From the proof of Theorem A (Theorem 4.7.1 in [4]), it is easy to see
that if assumption (H2) is replaced by
(H2)′ There exists a constant k < 1 such that |b(t, ϕ) − b(t, ψ)| 6 k‖ϕ − ψ‖ for
t ∈  and ϕ, ψ ∈ {ϕ ∈ C : ‖ϕ‖ < M} withM as given in condition (i) of Theorem A,
then Theorem A still holds.
3. Main results
In order to establish the existence of positive periodic solutions for neutral delay












Let C0T denote the linear space of real valued continuous T -periodic functions
on  . The linear space C0T is a Banach space with the usual norm for x(t) =








We define the following maps:
b :  × C →  n , b(t, ϕ) = (b1(t, ϕ), . . . , bn(t, ϕ)),






f :  × C →  n , f(t, ϕ) = (f1(t, ϕ), . . . , fn(t, ϕ)),












i = 1, 2, . . . , n; t ∈  , ϕ = (ϕ1, . . . , ϕn) ∈ C.
Now, the system (3) becomes
d
dt
[x(t)− b(t, xt)] = f(t, xt).






g(t) dt, gm = min
t∈[0,T ]
g(t), |g|0 = max
t∈[0,T ]
|g(t)|
for g ∈ {g ∈ C(  ,  ) : g(t+ T ) = g(t) for t ∈  }.
Theorem B. Suppose that the following conditions are satisfied:
(a) ai(t), βij(t), bij(t), τij(t), cij(t) are T -periodic functions and
ai(t) ∈ C(  , (0,+∞)), βij(t), bij(t) ∈ C(  ,  + ), cij(t) ∈ C1(  ,  + ),
τij(t) ∈ C2(  ,  + ), τ ′ij(t) < 1, βii(t) > β > 0, i, j = 1, 2, . . . , n;




(βij + b̄ij)uj = ai, i = 1, 2, . . . , n









, mii > 0, i = 1, 2, . . . , n;
where















, d′ij(t) < bij(t), i, j = 1, 2, . . . , n;
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|dij |0, M0 = max
{ n∑
i=1

























































, i = 1, 2, . . . , n.
Then (2) has at least one positive T -periodic solution.
Remark 2. For the case n = 1, Theorem B gives an answer to the Open Prob-
lem 9.2 due to Kuang Y. [1].
Before proving Theorem B, we need the following lemmas.
Lemma 1. Under the assumptions of Theorem B, let Ω = {ϕ ∈ C : ‖ϕ‖ < M},
where M > M0 is such that k =: ceM < 1, then |b(t, ϕ) − b(t, ψ)| 6 k‖ϕ − ψ‖ for
t ∈  and ϕ, ψ ∈ Ω.
. For t ∈  and ϕ, ψ ∈ Ω, we have









for some θ ∈ (0, 1). So, we have










|dij |0eM‖ϕ− ψ‖ = k‖ϕ− ψ‖.

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[x(t)− λb(t, xt)] = λf(t, xt), λ ∈ (0, 1)
satisfies ‖x‖0 6 M0.


























i = 1, 2, . . . , n, λ ∈ (0, 1).

















































]′∣∣∣∣ dt < 2Tai.
























for some ξi ∈ [0, T ]. Therefore, we have
(7) xi(ξi) 6 ln
ai
(βii)m
, exj(ξi−τij(ξi)) 6 ai
(bij − d′ij)m
.


























+ 2aiT =: Ri, i = 1, 2, . . . , n;
hence, we have xi(t) < Ri, i = 1, 2, . . . , n.
















































































































































for some ηij ∈ [0, T ]; and
∫ T
0
βij(t)exj(t) dt = βij(µij)
∫ T
0
exj(t) dt, for some µij ∈

























exj(δj ) = ai, i = 1, 2, . . . , n.
From (9), we have
miiexi(δi) 6 ai, i = 1, 2, . . . , n.
Therefore, we have
(10) xi(δi) 6 ln
ai
mii
, i = 1, 2, . . . , n.
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From (9), (10), we get









, i = 1, 2, . . . , n.
Therefore, we have







, i = 1, 2, . . . , n.
From (10), (11), we have




















=: Ki, i = 1, 2, . . . , n.




|x′i| dt 6 Ki +
∫ T
0











Ki + TM∗ 6 M0.
Obviously, M0 is independent of λ. This completes the proof. 
of Theorem B. We apply Theorem A to (3). Clearly, for M as given in






























|lnu∗i |, we have g(u) 6= 0 for any u ∈ ∂BM (  n ). Thus, the condition (ii)
in Theorem A holds. Next we show that condition (iii) also holds. By (b) and the
569
formula for Brouwer degree (see Theorem 2.2.3, [4]), we have
deg(g,BM (  n )) = ∑
u∈g−1(0)∩BM (  n) sign detDg(u) = (−1)n or (−1)n+1.
Therefore, all the conditions required in Theorem A hold. It follows by Theorem A
and Remark 1 that (3) has a T -periodic solution (x∗1(t), . . . , x∗n(t)). Therefore, (2) has
a positive T -periodic solution (ex
∗
1(t), . . . , ex
∗
n(t)). This finishes the proof of Theo-
rem B. 
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